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E-mail address: itous001@kanagawa-u.ac.jpSome composite materials are constructed of two dissimilar half-planes bonded by a nonhomogeneous
elastic layer. In the present study, a crack is situated at the interface between the upper half-plane and
the bonding layer of such a material, and another crack is located at the interface between the lower
half-plane and the bonding layer. The material properties of the bonding layer vary continuously from
those of the lower half-plane to those of the upper half-plane. Incoming shock stress waves impinge upon
the two interface cracks normal to their surfaces. Fourier transformations were used to reduce the bound-
ary conditions for the cracks to two pairs of dual integral equations in the Laplace domain. To solve these
equations, the differences in the crack surface displacements were expanded in a series of functions that
are zero-valued outside the cracks. The unknown coefﬁcients in the series were solved using the Schmidt
method so as to satisfy the conditions inside the cracks. The stress intensity factors were deﬁned in the
Laplace domain and were inverted numerically to physical space. Dynamic stress intensity factors were
calculated numerically for selected crack conﬁgurations.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Ceramic-coated materials are increasingly being used for ma-
chine parts due to their good anti-oxidation characteristics at high
temperatures. To improve adhesion between a stainless-steel sub-
strate and a plasma-sprayed ceramic coating, the substrate may be
pretreated by depositing a NiCr intermediate layer on the sub-
strate. The material properties of this thin layer vary continuously
from those of the substrate metal to those of the ceramic. More-
over, the layer may contain defects, such as voids and microcracks,
which may grow into cracks. Therefore, it is useful to solve for the
stress intensity factors around a crack in the nonhomogeneous thin
layer between the dissimilar elastic half-planes. A similar thin
layer also appears in the bonding of dissimilar materials by the dif-
fusion method or ultrasonic welding, for example.
The two-dimensional problem for a cracked interfacial layer be-
tween two dissimilar elastic half-planes has been solved by Delale
and Erdogan (1988). The stress and displacement ﬁelds for internal
pressure on the crack surfaces were obtained by assuming that the
material properties vary continuously in the interfacial layer from
the material properties of the upper half-plane to those of the low-
er half-plane. Axisymmetric solutions have been determined for a
penny-shaped crack in an interfacial nonhomogeneous layer be-ll rights reserved.tween two dissimilar elastic half-planes by Ozturk and Erdogan
(1995, 1996). In these studies (Delale and Erdogan, 1988; Ozturk
and Erdogan, 1995, 1996), the material properties of the nonhomo-
geneous layer were assumed to vary exponentially.
Using a different method from that of Delale and Erdogan
(1988), Itou and Shima (1997) solved for the stress intensity factors
for a crack in an interfacial layer between two dissimilar elastic
half-planes. More speciﬁcally, the interfacial layer was divided into
several sublayers with different material properties. Subsequently,
Itou and Shima (1999) solved the axisymmetric problem for a
cylindrical crack in an interfacial zone between an elastic circular
cylinder and an inﬁnite elastic medium for mode I loading. A sim-
ilar method was also applied to determine the thermal stresses for
a crack in a nonhomogeneous layer between two dissimilar elastic
half-planes (Itou, 2004a) and the thermal stresses for a crack in a
nonhomogeneous layer between a coating plate and an elastic
half-plane (Itou, 2005a).
For composite materials joined by a cracked nonhomogeneous
layer that are suddenly loaded, it is necessary to clarify the tran-
sient dynamic stress intensity factors. Babaei and Lukasiewicz
(1998) solved the transient dynamic problem for a crack in a non-
homogeneous layer between two dissimilar elastic half-planes. The
crack surfaces were suddenly loaded by anti-plane shear traction
and the corresponding dynamic stress intensity factor for mode
III loading was obtained. Using a similar method to that employed
for solving the static problem (Itou and Shima, 1997), the corre-
Fig. 1. Geometry and coordinate system.
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geneous interfacial layer between two dissimilar elastic half-
planes for mode I impact loading (Itou, 2001). Li et al. (2006a)
solved for the mode III dynamic stress intensity factors for an inter-
face crack located at the interface between two dissimilar half-
planes made of a functionally gradient material (FGM) during the
passage of an incident stress wave simulated by the Dirac delta
function. Li et al. (2006b) also obtained the mode I and II stress
intensity factors for an interface crack situated at the interface be-
tween a FGM substrate and a FGM coating plate. Yoffe-type moving
cracks propagate with a constant length, exhibiting a constant
velocity in an elastic medium (Yoffe, 1951). This model was ap-
plied to a moving Grifﬁth crack in an inﬁnite nonhomogeneous
layer sandwiched between two dissimilar half-planes (Wang and
Meguid, 1994; Jiang and Wang, 2002; Itou, 2004b).
As for three-dimensional problems, solutions were obtained for
two dissimilar homogeneous half-spaces bonded by a nonhomo-
geneous layer weakened by a penny-shaped crack under a tor-
sional impact load (Li et al., 2002; Li and Weng, 2002). In ﬁber-
reinforced composite materials, a nonhomogeneous interlayer ex-
ists between the cylindrical ﬁber and the matrix. Xue-Li and Duo
(1996) obtained the stress intensity factors around a cylindrical
crack in the interlayer under static torsional loading. The corre-
sponding dynamic solution has been obtained for a cylindrical
crack in a nonhomogeneous interlayer under torsional impact (Li
and Weng, 2001). The stress intensity factors have been solved
for a cylindrical crack at the interface between a nonhomogeneous
interlayer and an inﬁnite elastic medium subjected to torsional im-
pact (Li et al., 2001). A similar problem was solved for a cracked
cylindrical interlayer between a solid cylinder and a hollow cylin-
der (Feng et al., 2005). Stresses have been determined for a Yoffe-
type moving cylindrical crack that propagates with a constant
velocity in a nonhomogeneous interlayer between an inﬁnite elas-
tic medium and an elastic circular cylinder produced from another
material (Itou, 2005b). Transient dynamic stresses were solved for
two rectangular cracks in a nonhomogeneous interfacial layer be-
tween two dissimilar elastic half-spaces during the passage of inci-
dent impact stress waves (Itou, 2007a).
In the aforementioned studies (Ozturk and Erdogan, 1995,
1996; Li et al., 2002, 2006a,b; Li and Weng, 2001; Feng et al.,
2005), a crack (or cracks) was located at the interface between dis-
similar materials. This is because the interface may be somewhat
weaker than the nonhomogeneous layer and the homogeneous
elastic half-space, and because cracks are more likely to appear
at interfaces. These composite materials are considered to be
weakened by cracks that appear at individual interfaces between
dissimilar materials. Using the ﬁnite element method, static stres-
ses have been solved for two parallel cracks in composite materials
composed of two dissimilar elastic plates bonded by a nonhomo-
geneous interlayer (Zhang et al., 2008). Here, one of the cracks
was situated at the upper interface between the interlayer and
the upper elastic plate, while the other crack was located at the
lower interface between the interlayer and the lower elastic plate.
Wang et al. (2000) identiﬁed the dynamic stress intensity fac-
tors for a crack (or cracks) in nonhomogeneous composite materi-
als. Their method was similar to that used by Itou and Shima
(1997) to obtain static solutions for a crack in a nonhomogeneous
layer between two dissimilar elastic half-planes as well as that
used by Itou and Shima (1999) to obtain static solutions for a cylin-
drical crack in a nonhomogeneous cylindrical layer between an
elastic cylinder and an inﬁnite elastic medium. Wang et al.
(2000) numerically calculated the dynamic stress intensity factors
for two parallel interface cracks, one situated at the interface be-
tween an aluminum plate and a nonhomogeneous plate and the
other located at the interface between the nonhomogeneous plate
and a ceramic plate. Numerical calculations were performed forthe case in which impact pressures were simultaneously applied
to the surfaces of the two cracks (Wang et al., 2000).
Ma et al. (2004) solved the dynamic mode III problem for two
parallel cracks, one of which was situated at the interface between
the lower metallic half-plane and a FGM layer and the other of
which was located at the interface between the FGM layer and
the upper ceramic half-plane. The material properties were found
to vary exponentially within the layer, and the time-harmonic inci-
dent displacement wave was found to impinge normal to the
interfaces.
When incident shock stresswaves pass througha nonhomogene-
ous material, both the dilatational and shear wave velocities vary in
the material. To the best of the author’s knowledge, such a problem
has not been solved for a nonhomogeneous material weakened by
twoparallel cracks. In thepresent study, the transientdynamicprob-
lem is solved for composite materials that consist of two dissimilar
elastic half-planes bonded by a nonhomogeneous thin elastic layer.
One crack is situated at the interface between the upper half-plane
and the bonding layer, and the other crack is located between the
lower half-plane and the bonding layer. Transient dynamic stresses
are solved during the passage of shock stress waves that propagate
from the lower half-plane toward the upper half-plane. Thematerial
properties in the bonding layer vary arbitrarily. To solve this prob-
lem, the bonding layer was divided into several homogeneous sub-
layers that have different material properties. If the number of
sublayers, m, is sufﬁciently large, then the stresses and displace-
ments approximate those of the nonhomogeneous layer.
Using Fourier and Laplace transforms, the boundary conditions
were reduced to dual integral equations in the Laplace domain. To
solve these equations, the differences between the crack surface
displacements were expanded as a series of functions that were
zero-valued outside the cracks. The unknown coefﬁcients in the
series are solved using the Schmidt method so as to satisfy the
boundary conditions inside the cracks (Itou and Haliding, 1997).
The stress intensity factors deﬁned in the Laplace domain were in-
verted to physical space using the numerical technique described
by Miller and Guy (1966).
2. Fundamental equations
With reference to Fig. 1, the nonhomogeneous elastic layer (A)
lies within the region h/2 6 y 6 h/2. A crack parallel to the x-axis
is located between a and a at y = h/2, and a second crack is lo-
cated between b and b at y =  h/2. The upper half-plane (C)
and lower half-plane (B) fall within the regions h/2 6 y and
y 6  h/2, respectively. Plane strain is assumed. The shear modu-
lus, Poisson’s ratio, and density of layer (A) are represented by
lA, mA, and qA, respectively, and those of the lower half-plane (B)
Fig. 3. Wavefront in the nonhomogeneous bonding layer.
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and lC, mC, and qC, respectively. The material properties (l, m, and
q) are assumed to vary continuously with respect to y in the inter-
facial layer, as shown in Fig. 2.
If the displacement components u and v are expressed by two
functions /(x,y, t) and u(x,y, t) such that
u ¼ @/=@x @u=@y; v ¼ @u=@xþ @/=@y; ð1Þ
then the equations of motion reduce to
@2/=@x2 þ @2/=@y2 ¼ 1=c2L  @2/=@t2;
@2u=@x2 þ @2u=@y2 ¼ 1=c2T  @2u=@t2; ð2Þ
where t is time, and the dilatational wave velocity cL and the shear
wave velocity cT can be represented as follows:
c2L ¼ 2ð1 mÞl=½ð1 2mÞq; c2T ¼ l=q: ð3Þ
The stresses can be expressed as follows:
syy ¼ 2l@2/=@x2 þ q@2/=@t2 þ 2l@2u=@x@y;
sxx ¼ 2l@2/=@y2 þ q@2/=@t2  2l@2u=@x@y; ð4Þ
sxy ¼ 2l@2/=@x@yþ lð@2u=@x2  @2u=@y2Þ:
The incident stress wave, which propagates parallel to the y-
axis in the positive direction through the lower half-plane (B),
can be expressed as follows:
sðincÞyyB ¼ pH½cLBt  ðyþ h=2Þ; ð5Þ
where p is a constant, H(t) is the Heaviside unit step function, and
the subscript B indicates the variables for the lower half-plane
(B). Time t is considered to be zero when the wavefront reaches
the interface y =  h/2. If the incident stress wave impinges on the
nonhomogeneous interfacial layer, the wave is reﬂected and re-
fracted in layer (A) in a complicated manner. However, it is proba-
ble that a stress wave similar to that given by Eq. (5) will pass
through the nonhomogeneous layer, varying the wave velocity cL
in the layer. This phenomenon is described in Appendix A. The inci-
dent wave can be expressed in layer (A) by
sðincÞyyA ¼ pH
Z t
0
cLAf dT  ðyþ h=2Þ
 
; ð6Þ
where cLAf is the dilatational wave velocity at y =  h/2 + f, as shown
in Fig. 3. Let th be the time when the wavefront reaches the interface
y = h/2, which is given byFig. 2. Shear modulus, Poisson’s ratio, and density as functions of y.th ¼
Z h
0
ð1=cLAfÞdf: ð7Þ
The incident stress can be expressed in the upper half-plane (C) by
sðincÞyyC ¼ pH½cLCðt  thÞ  ðy h=2Þ: ð8Þ
Therefore, the boundary conditions for the present problem can
be expressed as
syyB ¼ syyA; sxyB ¼ sxyA at y ¼ h=2; jxj 61; ð9Þ
syyA ¼ syyC ; sxyA ¼ sxyC at y ¼ h=2; jxj 61; ð10Þ
syyA ¼ pHðtÞ; sxyA ¼ 0 at y ¼ h=2; jxj 6 b; ð11Þ
uB ¼ uA; vB ¼ vA at y ¼ h=2; b 6 xj j; ð12Þ
syyA ¼ pHðt  thÞ; sxyA ¼ 0 at y ¼ h=2; jxj 6 a; ð13Þ
uA ¼ uC ; vA ¼ vC at y ¼ h=2; a 6 jxj: ð14Þ
In the present study, it is assumed that the tensile stress passes
through the nonhomogeneous interlayer between two dissimilar
elastic half-planes. As seen in the numerical examples, the mode I
stress intensity factor has a positive value, signifying that the sur-
faces of the cracks do not come into contact. If the crack surfaces
are very rough, interdigitations prevent relative shear motions at
the crack tip region (Mak et al., 1980). In this case, it is very difﬁcult
to solve the transient dynamic crack problem because the areas of
the interdigitations vary according to the height of the interdigita-
tions, the magnitude of the incident tensile stress, and time t. There-
fore, it is assumed that the surfaces of the crack are smooth and that
relative tangential slip can occur over the entire area of the crack
surfaces.3. Division of the interfacial layer into sublayers
The nonhomogeneous interfacial layer (A) is divided into sev-
eral homogeneous sublayers having different material properties.
For illustrative purposes, the number of sublayers, m, is set to
three. If m = 3, layer (A) is divided into ﬁve layers because the
upper and lower sublayers, which each contain a crack, are further
divided into two separate layers. It is not necessary for the sublay-
ers to have the same thicknesses. However, for convenience in
coding the numerical analysis Fortran program, it is the sublayers
are assumed to have the same thicknesses. Similarly, the upper
and lower cracks are situated at the mid-plane of the respective
cracked layers. More speciﬁcally, the interfacial layer (A) is di-
vided into sublayer (3) (2h/6 < y < 3h/6), sublayer (4) (3h/6 <
y <  2h/6), sublayer (5) (h/6 < y < 2h/6), sublayer (6) (2h/6 <
y <  h/6), and sublayer (7) (h/6 < y < h/6), as shown in Fig. 4.
The upper and lower half-planes, (C) and (B), are numbered (1)
Fig. 4. Interfacial layer represented by three sublayers.
Fig. 5. Shear moduli in the sublayers used to represent the bonding layer.
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for the ﬁve homogeneous layers are as shown in Fig. 5 and are
given by
l4 ¼ l6 ¼ ðlA at y ¼ 2h=6Þ;
l7 ¼ ðlA at y ¼ 0Þ; ð15Þ
l5 ¼ l3 ¼ ðlA at y ¼ 2h=6Þ
Here, l2 and l1 are given as follows:
l2 ¼ lB; l1 ¼ lC : ð16Þ
Poisson’s ratios mi and the densities qi (i = 3,4,5,6,7) have relation-
ships that are similar to those expressed by Eq. (15).
The boundary conditions (9)–(14) may be represented as
syyð1Þ ¼ syyð3Þ; sxyð1Þ ¼ sxyð3Þ; uð1Þ ¼ uð3Þ;
v ð1Þ ¼ v ð3Þ at y ¼ h=2; jxj 61; ð17Þ
syyð5Þ ¼ syyð7Þ; sxyð5Þ ¼ sxyð7Þ; uð5Þ ¼ uð7Þ;
v ð5Þ ¼ v ð7Þ at y ¼ h=6; jxj 61; ð18Þ
syyð7Þ ¼ syyð6Þ; sxyð7Þ ¼ sxyð6Þ; uð7Þ ¼ uð6Þ;
v ð7Þ ¼ v ð6Þ at y ¼ h=6; jxj 61; ð19Þ
syyð4Þ ¼ syyð2Þ; sxyð4Þ ¼ sxyð2Þ; uð4Þ ¼ uð2Þ;
v ð4Þ ¼ v ð2Þ; at y ¼ h=2; jxj 61; ð20Þ
syyð3Þ ¼ syyð5Þ; sxyð3Þ ¼ sxyð5Þ at y ¼ h=3; jxj 61; ð21Þ
syyð6Þ ¼ syyð4Þ; sxyð6Þ ¼ sxyð4Þ at y ¼ h=3; jxj 61; ð22Þ
syyð4Þ ¼ pHðtÞ; sxyð4Þ ¼ 0 at y ¼ h=3; jxj 6 b; ð23Þ
uð4Þ ¼ uð6Þ; v ð4Þ ¼ v ð6Þ at y ¼ h=3; b 6 jxj; ð24Þ
syyð3Þ ¼ pHðt  thÞ; sxyð3Þ ¼ 0 at y ¼ h=3; jxj 6 a; ð25Þ
uð3Þ ¼ uð5Þ; v ð3Þ ¼ v ð5Þ at y ¼ h=3; a 6 jxj; ð26Þ
where the subscript indicates the layer number, as previously
deﬁned.
4. Analysis
To obtain a solution, the following Laplace transforms are
introduced:
gðsÞ ¼
Z 1
0
gðtÞ expðstÞdt;
gðtÞ ¼ 1=ð2piÞ 
Z
Br:
gðsÞ expðstÞds; ð27Þ
and the following Fourier transforms are also introduced:f ðnÞ ¼
Z 1
1
f ðxÞ expðinxÞdx;
f ðxÞ ¼ 1=ð2piÞ 
Z 1
1
f ðnÞ expðinxÞdn: ð28Þ
Applying Eqs. (27) and (28) to Eq. (2), we obtain
ðd2=dy2  n2  s2=c2LiÞ/i ¼ 0;
ðd2=dy2  n2  e2i s2=c2LiÞui ¼ 0; ð29Þ
where
e2i ¼ 2ð1 miÞ=ð1 2miÞ ði ¼ 1;2; . . . ;7Þ: ð30Þ
For layers (i) (i = 3,4,5,6,7), the solutions of Eq. (29) take the follow-
ing forms:
/ðiÞ ¼ A1i sinhðc1iyÞ þ A2i coshðc1iyÞ;
uðiÞ ¼ B1i sinhðc2iyÞ þ B2i coshðc2iyÞ: ð31Þ
For half-planes (1) and (2), the solutions are:
/ð1Þ ¼ C1 expðc11yÞ; uð1Þ ¼ D1 expðc21yÞ ð32Þ
and
/ð2Þ ¼ C2 expðc12yÞ; uð2Þ ¼ D2 expðc22yÞ: ð33Þ
In Eqs. (31)–(33),
c1i ¼ ½n2 þ ðs=cLiÞ21=2; c2i ¼ ½n2 þ e2i ðs=cLiÞ21=2
ði ¼ 1;2; . . . ;7Þ ð34Þ
and A13,A23,B13, . . . ,D2 are unknown coefﬁcients.
In the Fourier–Laplace transform domain, expressions of stres-
ses and displacements can be obtained in a similar manner to that
described in a previous paper (Itou, 2001). Thereby, the boundary
conditions, which are valid for 1 < x < +1, can be easily satis-
ﬁed. Next, to satisfy Eqs. (24) and (26), the differences
ðuð3Þa  uð5ÞaÞ; ðvð3Þa  vð5ÞaÞ; ðuð6Þb  uð4ÞbÞ, and ðvð6Þb  vð4ÞbÞ are ex-
panded as the following series:
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P1
n¼1
an sin½2n sin1ðx=aÞ for jxj 6 a;
¼ 0 for a 6 jxj;
ð35Þ
pðvð3Þa  vð5ÞaÞ ¼
P1
n¼1
bn cos½ð2n 1Þ sin1ðx=aÞ for jxj 6 a;
¼ 0 for a 6 jxj;
ð36Þ
pðuð6Þb  uð4ÞbÞ ¼
P1
n¼1
cn sin½2n sin1ðx=bÞ for jxj 6 b;
¼ 0 for b 6 jxj;
ð37Þ
pðvð6Þb  vð4ÞbÞ ¼
P1
n¼1
dn cos½ð2n 1Þ sin1ðx=bÞ for jxj 6 b;
¼ 0 for b 6 jxj;
ð38Þ
where an, bn, cn, and dn are unknowns. In similar manner to that em-
ployed in a previous paper (Itou and Haliding, 1997), we can see
that the remaining boundary conditions (23) and (25) can be re-
duced to
P1
n¼1
anknaðxÞþ
P1
n¼1
bnlnaðxÞþ
P1
n¼1
cnmnaðxÞþ
P1
n¼1
dnnnaðxÞ ¼uðxÞ
P1
n¼1
anonaðxÞþ
P1
n¼1
bnpnaðxÞþ
P1
n¼1
cnqnaðxÞþ
P1
n¼1
dnrnaðxÞ¼0
for jxj6 a; ð39Þ
P1
n¼1
anknbðxÞþ
P1
n¼1
bnlnbðxÞþ
P1
n¼1
cnmnbðxÞþ
P1
n¼1
dnnnbðxÞ¼vðxÞ
P1
n¼1
anonbðxÞþ
P1
n¼1
bnpnbðxÞþ
P1
n¼1
cnqnbðxÞþ
P1
n¼1
dnrnbðxÞ¼0
for jxj6 b; ð40Þ
with
knaðxÞ ¼ 2n=p
Z 1
0
Q1ðnÞ=n J2nðanÞ cosðnxÞdn;
lnaðxÞ ¼ ð2n 1Þ=p
Z 1
0
½Q2ðnÞ=n QL2J2n1ðanÞ cosðnxÞdn

þQL2 cos½ð2n 1Þ sin1ðx=aÞ=ða2  x2Þ1=2
o
;
mnaðxÞ ¼ 2n=p
Z 1
0
Q3ðnÞ=n J2nðbnÞ cosðnxÞdn;
nnaðxÞ ¼ ð2n 1Þ=p
Z 1
0
Q4ðnÞ=n J2n1ðbnÞ cosðnxÞdn;
onaðxÞ ¼ 2n=p
Z 1
0
½Q5ðnÞ=n QL5J2nðanÞ sinðnxÞdn

þQL5 sin½2n sin1ðx=aÞ=ða2  x2Þ1=2
o
;
pnaðxÞ ¼ ð2n 1Þ=p
Z 1
0
Q6ðnÞ=n J2n1ðanÞ sinðnxÞdn;
qnaðxÞ ¼ 2n=p
Z 1
0
Q7ðnÞ=n J2nðbnÞ sinðnxÞdn;
rnaðxÞ ¼ ð2n 1Þ=p
Z 1
0
Q8ðnÞ=n J2n1ðbnÞ sinðnxÞdn;
ð41Þ
knbðxÞ ¼ 2n=p
Z 1
0
Q9ðnÞ=n J2nðanÞ cosðnxÞdn;
lnbðxÞ ¼ ð2n 1Þ=p
Z 1
0
Q10ðnÞ=n J2n1ðanÞ cosðnxÞdn;
mnbðxÞ ¼ 2n=p
Z 1
0
Q11ðnÞ=n J2nðbnÞ cosðnxÞdn;
rnbðxÞ ¼ ð2n 1Þ=p
Z 1
0
½Q12ðnÞ=n QL12J2n1ðbnÞ cosðnxÞdn

þQL12 cos½ð2n 1Þ sin1ðx=bÞ=ðb2  x2Þ1=2
o
;
onbðxÞ ¼ 2n=p
Z 1
0
Q13ðnÞ=n J2nðanÞ sinðnxÞdn;
pnbðxÞ ¼ ð2n 1Þ=p
Z 1
0
Q14ðnÞ=n J2n1ðanÞ sinðnxÞdn;qnbðxÞ ¼ 2n=p
Z 1
0
½Q15ðnÞ=n QL15J2nðbnÞ sinðnxÞdn

þQL15 sin½2n sin1ðx=bÞ=ðb2  x2Þ1=2
o
;
rnbðxÞ ¼ ð2n 1Þ=p
Z 1
0
Q16ðnÞ=n J2n1ðbnÞ sinðnxÞdn;
uðxÞ ¼ p=s; vðxÞ ¼ p expðthsÞ=s; ð43Þ
where the expressions of the known functions Qi(n) (i = 1,2, . . . , 16)
are omitted. The constants QLi ði ¼ 2;5;12;15Þ in Eqs. (41) and (42)
are calculated using
QLi ¼ QiðnLÞ=nL; ð44Þ
where nL is a large value of n.
The unknowns an, bn, cn, and dn in Eqs. (39) and (40) can now be
solved by the Schmidt method (Itou and Haliding, 1997).
5. Stress intensity factors
Using the relationshipsZ 1
0
JnðanÞ½cosðnxÞ; sinðnxÞdn¼ fanðx2a2Þ1=2½xþðx2a2Þ1=2n
 sinðnpÞ; anðx2a2Þ1=2½xþðx2a2Þ1=2n cosðnpÞg
for a6 x; ð45Þ
the stress intensity factors in the Laplace-transform domain can be
expressed as
KIa ¼ limx!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞ
p
syyð3Þa
¼
X1
n¼1
bn  ð2n 1Þ  ð1ÞnQL2=ðpaÞ1=2;
KIIa ¼ limx!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞ
p
sxyð3Þa
¼
X1
n¼1
an  2n ð1ÞnQL5=ðpaÞ1=2;
ð46Þ
KIb ¼ lim
x!bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx bÞ
q
syyð4Þb
¼
X1
n¼1
dn  ð2n 1Þ  ð1ÞnQL12=ðpbÞ1=2;
KIIb ¼ lim
x!bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx bÞ
q
sxyð4Þb
¼
X1
n¼1
cn  2n ð1ÞnQL15=ðpbÞ1=2:
ð47Þ
Stress intensity factors have been solved only for the case in
which the nonhomogeneous layer is divided into three homoge-
neous layers (i.e., m = 3). As m increases, the numerical results
for the stress intensity factors approach the true values for the
nonhomogeneous bonding layer.
The inverse Laplace transforms of the stress intensity factors are
performed using the numerical method described by Miller and
Guy (1966). When the Laplace transform g*(s) can be evaluated
at discrete points given by
s ¼ ðbþ 1þ kÞ; k ¼ 0;1;2; . . . ð48Þ
the coefﬁcients CM are determined using
d g½ðkþ bþ 1Þd ¼
Xk
M¼0
CMk!=½ðkþ bþ 1Þðkþ bþ 2Þ   
ðkþ bþ 1þMÞðkMÞ!; ð49Þ
where dP 0 and bP  1. If the coefﬁcients up to CN1 are
calculated, an approximate value of g(t) can be found, as follows:
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XN1
M¼0
CMP
ð0;bÞ
M ½2expðdtÞ  1; ð50Þ
where Pða;bÞM ðzÞ is a Jacobi polynomial. The parameters d, b, and N
must be selected such that g(t) can best be described within a par-
ticular range of time t.
We have the following relation between g*(s) and g(t):
lim
s!0
½sgðsÞ ¼ lim
t!1
gðtÞ: ð51Þ
Therefore, the static results of the stress intensity factors in physical
space can be obtained using Eq. (51).Fig. 6. Stress intensity factors KIa and KIb with respect to cL Bt/a form = 5, 10, 15, and
20 (Case 2, b/a = 1.0 and h/a = 0.2).
Table 2
Values of Qi(na)/(na) for Case 2 [(sa/cLB) = 1.0, m = 20, b/a = 1.0, h/a = 0.2].
(na) Q1(na)/(na) Q2(na)/(na) Q3(na)/(na) Q4(na)/(na)
99.41 0.005884 0.594397 0.00000 0.000001
99.61 0.005871 0.594384 0.000001 0.000001
99.81 0.005859 0.594372 0.000001 0.000001
100.01 0.005847 0.594359 0.000001 0.000001
Q5(na)/(na) Q6(na)/(na) Q7(na)/(na) Q8(na)/(na)
99.41 0.592913 0.005884 0.000001 0.000001
99.61 0.592909 0.005871 0.000001 0.000001
99.81 0.592905 0.005859 0.000001 0.000001
100.01 0.592901 0.005847 0.000001 0.000001
Q9(na)/(na) Q10(na)/(na) Q11(na)/(na) Q12(na)/(na)
99.41 0.000001 0.000001 0.005757 0.792742
99.61 0.000001 0.000001 0.005744 0.792754
99.81 0.000001 0.000001 0.005732 0.792767
100.01 0.000001 0.000001 0.005719 0.792779
Q13(na)/(na) Q14(na)/(na) Q15(na)/(na) Q16(na)/(na)
99.41 0.000001 0.000001 0.794266 0.005757
99.61 0.000001 0.000001 0.794269 0.005744
99.81 0.000001 0.000001 0.794272 0.005732
100.01 0.000001 0.000001 0.794275 0.0057196. Numerical examples
The dynamic stress intensity factors were calculated numeri-
cally with quadruple precision using a Fortran program for which
overﬂow and underﬂow do not occur in the range 105500–
10+5500. The following three cases were considered for composite
materials made from a ceramic half-plane, a steel half-plane, and
a nonhomogeneous bonding layer:
Case 1: a steel lower half-plane (B) and a ceramic upper half-
plane (C).
Case 2: a ceramic lower half-plane (B) and a steel upper half-
plane (C).
Case 3: steel lower and upper half-planes and a steel-bonding
layer (A).
The corresponding material properties are given in Table 1. In the
interfacial layer (A), the material properties are assumed to vary
linearly with y. The dynamic stress intensity factors are calcu-
lated for b/a = 1.0 and h/a = 0.2. The numerical Laplace inversions
are performed by setting (b = 0.0, d = 0.2, N = 11) in Eq. (50). For
Case 2, the values of KIa and KIb for m = 5, 10, 15, and 20 are
shown in Fig. 6. The results have acceptable accuracy if the non-
homogeneous layer is approximated by 20 homogeneous sublay-
ers. Therefore, all of the calculations herein were performed using
m = 20.
For Case 2, the values of Qi(na)/(na) for (s a/cL B) = 1.0 andm = 20
are listed in Table 2. In the author’s opinion, the upper limit of inte-
gration should be set to a value greater than (na) = 100.01 (e.g.,
(na) = 200.01). In the execution of the Fortran program, numerical
overﬂows appeared at (na) = 120.01. Consequently, the value
(na) = 100.01 was chosen as the upper limit of integration. Table
2 shows that the numerical integrations can be performed with
acceptable accuracy using Filon’s method. Table 3 gives the values
for the left-hand side of Eq. (39) and u(x), for (sa/cL B) = 1.0 and
m = 20. Similarly, Table 4 gives the values for Eq. (40) and v(x).
These tables show that the boundary conditions inside the cracks
are also satisﬁed with acceptable accuracy.
The stress intensity factors are plotted with respect to cL Bt/a for
Cases 1, 2, and 3 in Figs. 7–9, respectively. In these ﬁgures, for ref-
erence, the corresponding static values, calculated using Eq. (51),
are shown by the straight-line segments on the right-hand side
of the ﬁgure.Table 1
Material properties.
Constants Materials
Steel Ceramic (Si3N4)
l (GPa) 79.2 119.7
m 0.3 0.27
q (103 kg/m3) 7.7 3.157. Fracture toughness of the interface crack
Consider two dissimilar elastic half-planes bonded by a nonho-
mogeneous layer. If the elastic properties are continuous at the
interface, the stresses near the tip of the interface crack do have
the oscillatory singularity that appears in the exact solution (Eng-
land, 1965) or the contacting area at the crack end reported by
Comuninou (1977). Consequently, the stress intensity factors are
successfully deﬁned, and the fracture toughness KI c can be ob-
tained experimentally. To determine the value of KI c for the actual
interface crack, the static stress intensity factor KsI must be solved
for many material combinations beforehand.8. Discussion
A Fortran program has been written that is applicable for any
number of sublayers. This negates the need to estimate the true
values of the stress intensity factors using the results for m = 3, 5,
Table 3
Values of the LHS and RHS of Eq. (39) for Case 2 [(sa/cLB) = 1.0, m = 20, b/a = 1.0, h/
a = 0.2].
x/a P12
n¼1½anKnaðx=aÞ
þbnLnaðx=aÞ þ cnMnaðx=aÞ
þdnNnaðx=aÞ=ða=cLBÞ
P12
n¼1½anOnaðx=aÞ
þbnPnaðx=aÞ þ cnQnaðx=aÞ
þdnRnaðx=aÞ=ða=cLBÞ
u(x/a)/
(a/cLB)
0.000100 0.75423 0.00000 0.75435
0.041667 0.75441 0.00006 0.75435
0.500000 0.75415 0.00003 0.75435
0.958333 0.75433 0.00000 0.75435
0.999900 0.75435 0.00000 0.75435
Table 4
Values of the LHS and RHS of Eq. (40) for Case 2 [(sa/cLB) = 1.0, m = 20, b/a = 1.0, h/
a = 0.2].
x/a P12
n¼1½anKnbðx=aÞ
þbnLnbðx=aÞ þ cnMnbðx=aÞ
þdnNnbðx=aÞ=ða=cLBÞ
P12
n¼1½anOnbðx=aÞ
þbnPnbðx=aÞ þ cnQnbðx=aÞ
þdnRnbðx=aÞ=ða=cLBÞ
v (x/a)/
(a/cLB)
0.000100 1.00013 0.00000 1.00000
0.041667 0.99999 0.00007 1.00000
0.500000 1.00025 0.00013 1.00000
0.958333 1.00119 0.00009 1.00000
0.999900 0.99880 0.00011 1.00000
Fig. 7. Stress intensity factors KIa, KIIa, KIb, and KIIb with respect to cLBt/a for Case 1,
b/a = 1.0 and h/a = 0.2.
Fig. 8. Stress intensity factors KIa, KIIa, KIb, and KIIb with respect to cLBt/a for Case 2,
b/a = 1.0 and h/a = 0.2.
Fig. 9. Stress intensity factors KIa, KIIa, KIb, and KIIb with respect to cLBt/a for Case 3,
b/a = 1.0 and h/a = 0.2.
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(Itou and Shima, 1997, 1999; Itou, 2001, 2004a,b, 2005a,b, 2007a).
The author has attempted to obtain the numerical calculations
for selected thicknesses of the bonding layer. However, this was
unsuccessful even for h/a = 0.5 because the functions Qi(na)/(na)
in the integrands of Eqs. (41) and (42) overﬂow at a comparatively
low value of the integration variable (na). Despite this, numerical
calculations for h/a = 0.2 have been performed, yielding useful con-
clusions in the ﬁeld of the fracture mechanics of composite
materials.
In the present study, the upper crack is situated in the layer
nearest the upper half-plane, whereas the lower crack is situated
in the layer nearest the lower half-plane. Therefore, it may not
be appropriate to denote the cracks as interface cracks. As seen
in Fig. 6, the curves of the dynamic stress intensity factors are
approximately the same for m = 10, 15, and 20. Therefore, these
curves are not expected to be affected in the range m > 20. If m is
set to 100,000, then the resulting curves are almost the same asthose for m = 20. Consequently, the author considers that the
numerical results presented here closely approximate the results
that would be obtained for the case in which the cracks are inter-
face cracks.
As described in Section 2, the incident stress given by Eq. (5) is
assumed to pass through the nonhomogeneous layer (A), varying
the wave velocity cL in that layer. It is not certain whether the re-
ﬂected wave completely disappears when it passes through the
nonhomogeneous layer. This can be veriﬁed by measuring the
magnitudes of the normal strains at the upper and lower interfaces
of the nonhomogeneous layer. If both strains are approximately
equal, the reﬂected wave may be neglected. In the author’s opinion,
this phenomenon should be veriﬁed by an experimentalist. If the
nonhomogeneous layer is replaced by an inﬁnite number of homo-
geneous sublayers, then the incident stress given by Eq. (5) passes
through the nonhomogeneous layer (A), varying the wave velocity
cL in this layer.
The Schmidt method was ﬁrst applied by the present author to
solve the crack problem (Itou, 1978). When the Schmidt method is
used to solve crack problems, the stress ﬁeld, the displacement
ﬁeld, the temperature ﬁeld, and the stress intensity factors can
2162 S. Itou / International Journal of Solids and Structures 47 (2010) 2155–2163be obtained in a straightforward manner, even for three-dimen-
sional rectangular cracks (Itou, 2007a), a single cylindrical crack
(Itou, 2003, 2005b, 2007b), and two cylindrical cracks (Itou,
2007c, 2008). Takakuda solved the dynamic stress intensity fac-
tors around two parallel cracks during the passage of a time-har-
monic stress wave (1982). Itou and Hasiyet obtained the
corresponding solution for an inﬁnite orthotropic plane weakened
by two parallel cracks (1997). They also reworked Takakuda’s
problem and veriﬁed that the values of the dynamic stress inten-
sity factors obtained using the Schmidt method are completely
coincident with those obtained using the integral equation meth-
od (Takakuda, 1982). These results demonstrate the reliability of
the Schmidt method.Fig. 10. Incident stress wave separated into the reﬂected wave and the transmitted
wave.
Fig. 11. Forces acting on a cubic element.9. Conclusions
Based on the numerical calculations outlined above, we arrive
at the following conclusions:
(1) For all cases, the signiﬁcant stress intensity factor is
KIb=ðp
ﬃﬃﬃﬃﬃﬃ
pa
p Þ at the end of the lower interface crack. Its peak
value, KpeakIb =ðp
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, is approximately 1.0. If the h/a ratio
approaches inﬁnity, the correspondingpeakvalueapproaches
that for a crack in an inﬁnite elastic plane. The dynamic stress
intensity factor for a ﬁnite crack of length 2a in an inﬁnite
plane subjected to an impact load has been solved by Sih
et al. (1972). Their solution revealed that the peak value
KpeakI =ðp
ﬃﬃﬃﬃﬃﬃ
pa
p Þ is approximately 1.3. As such, the dynamic
stress intensity factors around two parallel interface cracks
are found to be considerably lower than that for a ﬁnite crack
in an inﬁnite plane.
(2) For a ﬁnite crack in an inﬁnite plane, the dynamic stress
intensity factor increases continuously, eventually reaching
the upper peak value. The dynamic stress intensity factor
then tends to decrease, eventually reaching a lower peak
value. In contrast, the curves for the dynamic stress intensity
factors around the two parallel interface cracks exhibit a
more complicated behavior. This is due to the mutual inter-
action of the two parallel cracks at the interfaces between
the nonhomogeneous bonding layer and the two dissimilar
elastic half-planes.Appendix A
Consider a small cross-sectional area DA at the interface y = h/
2. The wavefront of the incident normal stress sðincÞyyB ¼ p reaches the
interface at t = 0. After a short time Dt, the incident stress is sepa-
rated into the reﬂected wave ap and the transmitted wave bp, as
shown in Fig. 10, in which PQRS indicates a small cubic element
with length (cLB  Dt + cLA  Dt) and a small area DA. The forces
acting on the cubic element are shown in Fig. 11. Then, the equa-
tion of equilibrium for forces in the y-direction is
p DA ap DAþ bp DA ¼ 0; ) a ¼ b 1: ðA1Þ
At time Dt, the energy of the incident wave must equal the sum of
the energies of the reﬂected and transmitted waves, so that
p2
2EB
 DA ðcLB  DtÞ ¼ ðapÞ
2
2EB
 DA ðcLB  DtÞ þ ðbpÞ
2
2EA
 DA
 ðcLA  DtÞ; ) cLBEB ¼
a2cLB
EB
þ b
2cLA
EA
; ðA2Þ
where EA and EB are the Young moduli. From Eqs. (A1) and (A2), we
ﬁnd thata ¼ cLBEA  cLAEB
cLBEA þ cLAEB ; b ¼
2cLBEA
cLBEA þ cLAEB : ðA3Þ
Fig. 2 shows that cLA and EB in Eq. (A3) near the interface y =  h/2
are given by the following equations:
cLA ¼ 12 cLB þ cLB þ
dcLA
dy
dy
  
¼ cLB þ 12
dcLA
dy
dy;
EA ¼ 12 EB þ EB þ
dEA
dy
dy
  
¼ EB þ 12
dEA
dy
dy:
ðA4Þ
Substituting Eq. (A4) into Eq. (A3) and solving for b, we obtain
the following:
b ¼ 1þ 1
2EB
dEA
dy
dy
 
 1þ 1
4EBcLB
cLB
dEA
dy
þ EB dcLAdy
 
dy
 1
¼ 1þ 1
4EBcLB
cLB
dEA
dy
 EB dcLAdy
 
dyþ    ðA5Þ
If the value of ðcLB dEAdy  EB dcLAdy Þ is not very large at the interface
y = h/2, then a and b can be approximated as
a ¼ 0; b ¼ 1: ðA6Þ
Based on the above considerations, it is believed that a stress
wave similar to that given by Eq. (5) will pass through the nonho-
mogeneous layer, varying the wave velocity cL in the layer.
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